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For integers a; b and n > 0 we deﬁne




















which are similar to the homogeneous Dedekind sum Sða; b; nÞ: In this paper we
establish functional equations for SG and TG: Moreover, by means of uniform
function (introduced by Sun in 1989) we are able to extend Knopp’s identity on
Dedekind sums vastly. # 2002 Elsevier Science (USA)
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GENERALIZATIONS OF KNOPP’S IDENTITY 1871. INTRODUCTION
For a real number x; we use fxg to denote its fractional part, and deﬁne




Given m 2 Z and n 2 Zþ ¼ f1; 2; 3; . . .g; in 1892 R. Dedekind introduced














ð1 e2piktÞ ðt is in the upper half planeÞ:
When m; n 2 Zþ are relatively prime, Dedekind determined Sðm; nÞ þ
Sðn;mÞ explicitly. The result is now known as the reciprocity law for
Dedekind sums (see, e.g. [A, S5, Z]).
By means of Z’s functional equation and Hecke operators, in 1980 Knopp





Sðacþ rn; dnÞ ¼ sðmÞSða; nÞ; ð1:3Þ
where a 2 Z; m; n 2 Zþ and sðmÞ denotes the sum Pdjm d of (positive)
divisors of m: We can view this identity as a functional equation of
Dedekind sums. For a; b 2 Z and n 2 Zþ; the sum









is called a homogeneous Dedekind sum. In 1996 Zheng [Zh] proved the





Sðacþ r1n; bcþ r2n; dnÞ ¼ msðmÞSða; b; nÞ; ð1:5Þ
CHEN AND SUN188where a; b 2 Z; m; n 2 Zþ and
dn ¼ fr 2 Z: 04rodg:
In this paper we will make a further generalization.
Definition 1.1. For a function F of two complex variables into the
















¼ Fðx; yÞ ð1:6Þ
for every n ¼ 1; 2; 3; . . . ; then we call F a uniform function (into C).
The concept of uniform function was ﬁrst introduced by the
second author in [S1] where he showed that, among functions F
of two complex variables into C with fhxþr
n
; nyi: r 2 nng  DomðFÞ for all








mt for all x 2 Z

















for all hx; yi 2 DomðFÞ. See also [S3, Theorem 2.1; S4, Corollary 2].
A uniform function F is said to be periodic if
hx; yi 2 DomðFÞ ) hx 1; yi 2 DomðFÞ & Fðx 1; yÞ ¼ Fðx; yÞ: ð1:8Þ
We use PUF to denote the class of all periodic uniform functions. It is easy
to see that the function D on R R given by
Dðx; yÞ ¼ ððxÞÞ ð1:9Þ
belongs to PUF where R is the ﬁeld of real numbers. Generalizing
the homogeneous Dedekind sums, we introduce the following
deﬁnition.
GENERALIZATIONS OF KNOPP’S IDENTITY 189Definition 1.2. Let F ;G 2 PUF; hx; yi 2 DomðFÞ and hu; vi 2
DomðGÞ: For a; b 2 Z and n 2 Zþ we set
F ; x; y
G; u; v
" #














Now we give our extension of Knopp’s identity.
Theorem 1.1. Let a; b 2 Z; m; n 2 Zþ; F ;G 2 PUF; hx; yi 2 DomðFÞ





F ; x; y
G; u; v
" #





F ; x=d; dy
G; u=d; dv
" #
ða; b; nÞ: ð1:11Þ
Definition 1.3. For a; b 2 Z and n 2 Zþ we deﬁne





















where GðxÞ is the well-known gamma function.
By applying Theorem 1.1 to certain periodic uniform functions involving
GðxÞ; we can deduce the following result.
Theorem 1.2. Let a; b 2 Z and m; n 2 Zþ:






TGðacþ r1n; bc þ r2n; dnÞ ¼ mdðmÞTGða; b; nÞ ð1:14Þ
where dðmÞ is the number of positive divisors of m:











  Sða; b; n=ðd; nÞÞ
d=ðd; nÞ  Sða; b; nÞ
 
; ð1:15Þ
where ðd; nÞ is the greatest common divisor of d and n; and the Mangoldt
function L is given by
LðdÞ ¼




Actually there are lots of examples of periodic uniform functions (see
[S2, S3, S4]), so we can apply Theorem 1.1 to obtain many other results.
2. PROOF OF THEOREM 1.1








¼ ða; nÞF xða; nÞ; ða; nÞy
 
: ð2:1Þ
Proof. Let d ¼ ða; nÞ: Then a0 ¼ a=d is relatively prime to n0 ¼ n=d:



















































We are done. ]




F ; x; y
G; u; v
" #







































ðd; rÞ ; ðd; rÞnv
 
;
where we apply Lemma 2.1 in the last step. For the Mo¨bius function m; it is
well known that
P
























































































































































5ða; b; nÞ ¼m X
djm
d






This concludes the proof. ]
3. PROOF OF THEOREM 1.2
For a uniform function F with DomðFÞ  R R; the function F˜ðx; yÞ ¼
Fðfxg; yÞ obviously lies in PUF.
Let Rþ ¼ fx 2 R: x > 0g: Deﬁne Gn: ðRþ [ f0gÞ  Rþ ! Rþ as follows:
Gnðx; yÞ ¼
GðxÞyx= ﬃﬃﬃﬃﬃﬃﬃﬃ2pyp if x > 0;ﬃﬃﬃﬃﬃﬃﬃﬃ
2py
p
if x ¼ 0:
8<
: ð3:1Þ
By Example 2.2 of Sun [S2], the function ln Gnðx; yÞ is a uniform function.
The reader can verify this by means of the following famous multiplication






¼ ð2pÞðn1Þ=2n1=2nzGðnzÞ ðn 2 Zþ and nza0;1; . . .Þ:
So the function Gnðx; yÞ ¼ ln Gnðfxg; yÞ belongs to PUF.
Let f ð0Þ ¼ g (where g is the Euler constant 0:577 . . .), and f ðxÞ ¼
G0ðxÞ=GðxÞ for x > 0: By Sections 1.7 and 1.7.1 of [E], we have












ðk þ 1Þðk þ xÞ
GENERALIZATIONS OF KNOPP’S IDENTITY 193for any x 2 Rþ and n 2 Zþ: Observe that









































tends to zero as x ! 0: So f ðxÞ ¼ 1
n
Pn1
r¼0 f ðxþrn Þ þ ln n for all x50: For
x50 and y > 0 let
Cðx; yÞ ¼
ðG0ðxÞ=GðxÞ þ ln yÞ=y if x > 0;
ðgþ ln yÞ=y if x ¼ 0:
(
ð3:2Þ
Then C is a uniform function. (In fact, Cðx; yÞ þ g=y is just the uniform
function Gðx; yÞ given in Example 2.3 of [S2].) Thus the function cðx; yÞ ¼
*Cðx; yÞ also lies in PUF.









ða; b; nÞ ¼ TGða; b; nÞ
mn
: ð3:4Þ





















¼ ða; kÞðð0ÞÞ ¼ 0 for every k ¼ 1; 2; 3; . . . :









































































































We are done. ]

































which is equivalent to (1.14).














Sðacþ r1n; bcþ r2n; dnÞ:




















ðln d þ ln nÞ
X
r1;r22dn
Sðacþ r1n; bcþ r2n; dnÞ













5ðacþ r1n; bcþ r2n; dnÞ:
CHEN AND SUN196It is well known that
P
djk LðdÞ ¼ ln k for k 2 Zþ (see, e.g. [A]). By









mðdÞ ln d for any k 2 Zþ:













































































































5ða; b; nÞ ¼X
djm
dðSGða; b; nÞ þ lnðdnÞSða; b; nÞÞ
¼ sðmÞSGða; b; nÞ þ Sða; b; nÞ

 






GENERALIZATIONS OF KNOPP’S IDENTITY 197Thus, by Theorem 1.1 and the above,












SGðacþ r1n; bcþ r2n; dnÞ














































Sða; b; nÞ m
X
djm





















































ad 0ðsn0 þ tÞ
n0
  

















   br
n0
  
¼ Sða; b; n0Þ:
By the above we ﬁnally get (1.15). This concludes the proof. ]
CHEN AND SUN198ACKNOWLEDGMENT
The authors are grateful to the referee for his/her comments.
REFERENCES
[A] W. S. Anglin, ‘‘The Queen of Mathematics}An Introduction to Number Theory,’’
Kluwer, Dordrecht, 1995, pp. 336–349.
[E] Erde´lyi et al., ‘‘Higher Transcendental Functions,’’ Vol. I, Chap. 1, McGraw–Hill, New
York, 1953.
[K] M. I. Knopp, Hecke operators and an identity for Dedekind sums, J. Number Theory 12
(1980), 2–9.
[S1] Z. W. Sun, Systems of congruences with multipliers, Nanjing Univ. J. Math. Biquarterly
6 (1989), 124–133. MR 90m:11006; Zbl. M. 703.11002.
[S2] Z. W. Sun, On covering equivalence, in: ‘‘Analytic Number Theory,’’ (Beijing/Kyoto,
1999), pp. 277–302, Dev. Math. 6, Kluwer Academic, Dordrecht, 2002.
[S3] Z. W. Sun, Products of binomial coefﬁcients modulo p2; Acta Arith. 97 (2001), 87–98.
[S4] Z. W. Sun, Algebraic approaches to periodic arithmetical maps, J. Algebra 240 (2001),
723–743.
[S5] Z. W. Sun, Sums of minima and maxima, Discrete Math. 257 (2002), 143–159.
[Z] D. Zagier, Higher dimensional Dedekind sums, Math. Ann. 202 (1973), 149–172.
[Zh] Z. Y. Zheng, The Petersson-Knopp identity for the homogeneous Dedekind sums,
J. Number Theory 57 (1996), 223–230.
